Using the calculation of the resulting of polynomials, we describe in this paper a new method to prove the stability of a polynomial f (x) of second degree, that is the irreducibility of all the iterates of f .
Introduction
Let K be a field, f (x) ∈ K [x] . Set f 1 (x) = f (x) and for every m ≥ 2, f m (x) = (f m−1 • f )(x). We say that f is a stable polynomial over K if for all m ≥ 1, f m (x) is irreducible over K.
For example, given a prime number p. A polynomial f (x) = a n x n + . . . + a 1 x + a 0 in Z[x] is said to be p r -eisenstein for some r ∧ n = 1 if p r divides a 0 , . . . , a n−1 , p r+1 does not divide a 0 and p does not divide a n . In [1] , the author proved the stability in Z[x] of this polynomial.
In [2] , [3] , [4] the authors have also studied the stability. For example, in [3] , they proved the stability in Z[x] of all irreducible polynomial of the form x n − c.
Definition 1.
Let K = Q(θ) be a number field of degree n, A K is its ring of integers, {w 1 , . . . , w n } is an integral basis of K or simply a basis of A K . Let u 1 , ..., u n are algebraically independent variables over K, ξ = u 1 .w 1 + . . . + u n .w n . We define the generic polynomial of integers of K to be
where L = Q(u 1 , . . . , u n ).
The polynomial F (u 1 , . . . , u n , x) is generic because, in substituting (u 1 , . . . , u n ) in Z n , we get a generic element ξ
Hence, the minimal polynomial of any element of A K can be deduced from F (u 1 , . . . , u n , x). Definition 2. Given two non zero natural integers n, e and a prime number p in Z. We define the property S(n, p, e) by: There exists a monic irreducible polynomial of degree n stable over F p e .
In [1] , the author proved the following two theorems: 
Main results
In this section, we will state our main result. It is about the stability of a monic irreducible polynomial of second degree. In fact, It is a new algebraic method based on the theory of resulting of polynomials. . We define the integer C n to be C n := Res x (f n (x), f (x)) and we suppose, for all (n, m) ∈ N 2 , n = m that:
Then the polynomial f (x) is stable over Q.
The general form of stability is the irreducibility of the composition of polynomials that will be stated in the following lemma due to Capelli.
Proof. See ( [5] , Satz 4, p.288).
Notations:
We denote by:
Thus, we can write
To prove theorem 3, we need to the following lemmas:
. We denote by ∆ n to be the discriminant of f n (x) and C n = Res x (f n (x), f (x)). We have the following formula:
Proof.
We argue by induction on n. For n = 1, it is known that ∆ 1 = disc(f (x)) = ±Res x (f (x), f (x)) = ±c 1 . Suppose the formula is true for n so,
We have,
Each factor f n (x) − a i n has k roots of f n+1 . We can sort these roots in such a way that: (a is a root of f n . Thus, we can write:
This implies that
Proof of theorem 3.
Suppose that f (x) is not stable in Z[x]. This means that there exists n ≥ 1 such that f n (x) is irreducible over Q but f n+1 (x) is reducible. By lemma 2, there exist two irreducible polynomials
Consider the following formulas,
Since C n+1 is not a square, it follows that there exists a prime number p such that p divides C n+1 and the p−adic valuation ϑ p (C n+1 ) is odd. Note that
Indeed, in the formula of ∆ n+1 , the prime number p can only divides C n+1 . For if there exists t ∈ {2, ...,
This implies that C i ∧ C n+1 = 1, which is not true. Thus, p divides ∆ n+1 and does not divide ∆ n . Since f n (x) is irreducible in Z[x], we can deduce that,
where K n is one field generated by any root of f n (x) and D(K n ) is the absolute discriminant of K n . Now we can deduce that p does not divide D(K n ). This implies that p is not ramified in K n . On the other hand, we have:
It is clear that both inclusions are strict since f n (x) is irreducible over Q and there exists a prime number p ramified in
n . Therefore, we deduce that, 2 n < γ.2 n < 2 n+1 , which means that 1 < γ < 2. This is impossible since γ is a natural integer. We deduce that f n (x) is irreducible for all n ≥ 1. Consequently, the polynomial f (x) is stable over Q.
The following statement is assumed to be an open problem. It is in fact about the generic polynomial of a field K.
Definition 3. A field K is said to be hilbertian, if for every irreducible polyno-
For example Q is hilbertian.
Conjecture.
Let K be an hilbertian field. s 1 , ..., s n are n algebraically independent variables. The polynomial f (x) = x n + s 1 x n−1 + . . . + s n−1 x + s n is defined to be the generic polynomial of K. It is stable in K[s 1 , ..., s n , x] . Indeed, it is enough to substitute s 1 , ..., s n by one variable Y , and then f (x) will be Y -eisenstein so irreducible. In addition, it is stable over K by [1] . For every t ≥ 1, let
Since K is hilbertian, it follows that I t is infinite set. Let I = t≥1 I t . Is I infinite? is it non empty set? is there an integer t(K) such that I t = I t k for all t ≥ t k ?
Application
Let f (x) = x 2 − x + 1, we are going to prove the stability of f over Q. In fact, it is enough to verify the conditions stated in theorem 3. First, let us define the sequence (
Lemma 4. For all integers n, m such that 1 ≤ n < m, we have:
Proof.
For every n ≥ 1, we have,
so C n+1 is strictly positive. The second statement is clear. Suppose now there exists a prime number p dividing C n and C m then,
This implies that p = 2, which is not true since C n is odd integer.
Lemma 5. For every n ≥ 1, C n is not square in Z.
For n = 1, 2, 3, the integers C 1 = 3, C 2 = 13 and C 3 = 217 are not squares. Suppose there exists n ≥ 3 such that C n+1 is square in Z, so there exists a ∈ Z such that,
Replacing a by −a. We can suppose that (a − C n ) ≡ 0 (mod 4). Thus, there exists an odd integer e, t ≥ 2 such that
Substituting a in its value in (1), we get:
(e · C n + e 2 · 2 t−1 )2 t+1 = 2 2 n (−C n + 2 2 n ).
But (e.C n + e 2 · 2 t−1 ) and (−C n + 2 2 n ) are odd, so 2 t+1 = 2 2 n . Hence t = 2 n − 1. Since n ≥ 3, it follows that t ≥ 7. Replacing 2 n by t + 1 in (3), we get:
C n (e + 1) = 2 t−1 (4 − e 2 ).
Since 2 t−1 ∧ C n = 1, so 2 t−1 | e + 1. This implies that there exists b ∈ Z such that e = b.2 t−1 − 1. Substituting e by its value in (4), we get:
By the previous lemma, C n ≡ 1 (mod 8). This implies by (5) that b ≡ 3 (mod 8). Since b = ±1 or ±3 then, the only solution is b = 3. Now, the formula (4) gives: C n (e + 1) > 0 and on the other hand, 2 t−1 (4 − e 2 ) < 0 since e = 3.2 t−1 − 1 and t ≥ 7. This is unacceptable. Therefore, the proof of the stability over Q of the polynomial f (x) = x 2 − x + 1 is complete.
